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QUESTION BANK
MATHEMATICS -1
UNIT IV

FUNCTIONS OF SEVERAL VARIABLES

PART - A

1. If z=e™*bY f(ax-by) show that b Z—i + ag—i = 2abz
Solution:
Given z=e®™ *bY f(ax-by)

92— gax+hy  f(ax-by).a + f(ax-by). e+ a

0x

b =ab (e“+D) [f(ax-by) + f(ax-by). e +7] (1)
‘;—; = @by f(ax-by)(-b) + f(ax-by). e +bY b

aZ—; =ab( e™+D) [-f (ax-by) + f(ax-by)] )
(D+(2) =>

9z 0z _ +b _hv) —
b+ ag. = 2ab( e™*bY) f(ax-by) = 2abz

_ 2 .2 9z 0z _ xz
2. Ifz=yf(x* -y*) show that that Y3 +X6y_ "

X
Solution:
Given z =yf(x? -y?)

24
dax

=y f(x% -y?) .2x

yZ =2y x P(x? -y?) (1)
==y PP yA)(2y) + (2 -y?)

x 5o =2xy? P(x? y?) xf(? -y?) ~(2)
(D)+2) =>

9z 97 _ 2 2y = *
yax+xay—x.f(x y<)



3. u=2+2 +Z showthat x2+y2+z % =0,
y oz x ox dy 0z
Solution:
Here u is a homogeneous function of degree n=0.

(x=kx, y=ky , z=kz)

u:E(fJ, z+£)
k \y z X

(Power of k= degree =n=0)

Hence by Euler’s theorem,

Xa—x+ya—y+25=nuzo
= -1 x+y a_u a_u =
4. If u=tan (ﬁh/?)’ show that X~ +yay 2
Solution:
Letz=tanu = ( j;%)

Here z is a homogeneous function of degree n=1/2.

Therefore , z satisfies the Euler’s theorem.

0z 0z
—4+\V— =N7 = emmmmmmmmmaaa
ax Vs N2 (1)
0z _ dz Ou _ 2, ow
ax _du'ax_sec u'ax (2)
0z _ dz ou _ 2 6_u _____________
3y —du 3y - SeCTU g 3)
Put (2) & (3)in (1) we get,
2. Ou 2. 0u _1
— + — ==
x secu——+ysec uay 2tanu
ou Ju 1 .
—tyy— =-
Therefore, x . yay 2 Sin 2u
5. If u=lo (M) show that x 2+ y2% =2
' =109 x+y J' ox yay -
Solution:
. x3+y3
Given u= Iog( )
x+y
3+ 3
z=et =22
x+y
As z is a homogeneous function of order n=2, it satisfies the Euler’s theorem.
dz 0z
— 4+ V— = = u - m———————
X yay nz = 2e @



0z _ dz Ou u ou

ox du’ ox " ox

0z _dz Ou u Ou

dy du’ dy " dy
ou du
1) =>xe*. —+ye". —=2e"
1) ax TYel g
du du
X —+y— =2
ax dy

6. If u=e*’f(y/x), showthat x 2+ yg—; =2u log u.
Solution:
z =log u = x? f(y/x)
Here z is a homogeneous function of order n=2, it satisfies the Euler’s equation.

dz 0z _ _
x£+ya—y-nz—2Iogu ---------------- (1)

0z _ dz Ou

ox  du ox

du

1 ou
u " ox

(Order: Put x=kx, y=ky , z=x*k? f (%)

0 _ds gu
dy  du 9y

ou
3y

|-

n=2.)

Putin (1)
X la—u+yla—u =2 logu

u Ox u dy

x
ax
L . d
7. If z=sin"Y(x —y), x=3t, y=4t3, find ﬁ.
Solution :
dz _0z dx 0z dy
dt  ax “dt 9y dt

-1 1
T J1-Gy)? @)+ J1-(—y)?
3-12¢2
J1-(3t—4t3)2
3(1-4t?)
V1-9t2—16t6+24c%
3(1-4t2)

J(A=t2)(1—4t2)2

+ yz—'; =2u log u.

(-1) (12t?)

d
Therefore, == =
dt



8. Ifz=f(xy)and x=e“+e™, y=e % —

Solution:
oz _ oz ox oz dy
du  odx du Ay du
_az ol 0z _y
= + =
ox’ dy € (1)
6z_eu6_z_ —u 9z
ou 0x dy
9z _0z o 0z by
v ox dv dy ov
_0z, _, 0z v
== 1) + =(—
e () + Z(= )
1 -@=

0 0102
du v ox

0z 0z _ 0z dz

du v ox @

9. If u=¢(x,y), x=r cose, y=r sine, show that (3_1:)2 +— (g;) = (%)2 + (a_

Solution:

ou_ou dx  ou oy
or ox or dy or

_ 0z , _
e V)_a(e u_eV)

dz 0z

eV show that —-— =x

du Ov

du _ 0p 0 N
T cosO + 7" sin© @
ou _op , . o
55 = 5, -1(-sind) + F (rcos®) --------m-m--m-mme- (2)
ou\2 | 1 (ou)?
L.H.S (%) +—2(£) =( ) (cos? 6 + sin?0) +( y) (cos? 6 + sin?6)
ou\Z 1 fou\2 _ fap\2  [ap\Z
G +=Ge) =G ()
. 2w . 9w 1
10. If w=f(r) , x=r cose, y=r sine, show that 2t P (r) + - ().
Solution:
w=f(r), r= /x% + y2
ow _ dw or
; ; a—f’(r) ——f(r)xr
2
S =xr T S (1) + Px(-L) TR
A 4 g 1
oz - - 1)

Asris symmetry in X,y



2 2 ! 2
0w Yyl Y )

dy? r2 r r3

D +@=>

3w  ’w _ _, 1,
W-I-W_ f’(r)+;f(r).
11. f(xy) = 4x ® +3xy - 6x?y? +2y® =2, find 2.
Solution:
f(x,y) = 4x 3+ 3xy - 6xzy2 +2y3 -2
oL =122 + 3y -12xy?

X

o — oy 1942 2
P = 3x-12x“y +6y

dy _ _% _ —(4x?+y—4xy?)
dx O T x—4xZy+2y2
dy
343 _ — 0 find 2 ang &2
12. If x°> + y° — 3axy = 0, find & and -
Solution:

Let f(x,y) =x3 +y3 —3axy =0
O 4 =3.2.

w —P= 3x~-3ay

a?*f _ . _

FI%] =r =6x

*f _ o _

oxay s =-3a

U _q =ay2 —

- g =3y° —3ax

i

? =t =6y
dy b _ 3x2—3ay
dc  q  3y2-3ax
dy ay—x2

d%y _ (qzr—qus+p2t)
dx?2 q3

d%y _ 2a3xy

— = 5

dx (ax—y?)

. . a(xy) - _ _
13. Find the Jacobian ) if x+y =uand y=uv
Solution:
Given: x+y =u ; y=uv

X = u-uv = u(1-v)



dx Ox

_0xy) _|ou ov _11-v —-ul _ _
]_6(u,v) = 6_y Q = v u =u-—-uv+uv=u
ou Jdv
a@y) _
a(u,v)

. . d(x,
14. If x=r cose, y=r sine , prove that the Jacobian J= 90cy) — r

a(r.0)
Solution:

Given : x=r cose ; y=r sine
ox _ C0so ; o - sine
or ! ar

= =-rsine ; a—y—rcose
26 ’ 26
o o
_0Gy) _ [or o0
a(r.0) o
dor 06
_ |cose  —rsine
sine I cose
= r(cos’e+ sin’e)
a(x,
J= 29 =+ Hence the proof,

a(r,0)

15. If u= % . V= % e % find the Jacobian of u,v,w with respect to X, y & z.

Solution:
du du du
ox 9y oz
u,v,w\ _ |ov v v
(52)=% 5 %

ow ow ow

ox dy 0z

yz Z YV A

[ x2 x x
z zx x

=] = -= -
y y y

Y X

zZ Z Zz

- _E[ﬁ_ ﬁ]_z '_£_£]+z [£+ £]

xL z zlI xly y



16. Give the Maclaurins series expansion of f(x,y)= xy?
Solution:
Atthe origin =0, £,=0, f;,x=0, fux=0,f, =0, f5,=0, £, =0, fiy = 0, frry, =0 & f,y,, =0.
Therefore the required series is xy? = xy?
17. Using the definition of total derivative, find the value of Z—z, given u=y? — 4ax, x=at? , y=2at.

Solution:
du _ ou dx ou dy

dt  ox " dt dy " dt

= (-4a)(2at) + (2a)(4at) = 0.
™_o
dt

18. Expand e* logiil + y) as the Taylors series in the neighbourhood of (0,0).
Solution:

f(x,y) = e* logil + v) : (a,b) =(0,0)

f(x,y) = e* logil + v) ; f(a,b) =f(0,0)=0
floy)=etlogli+y) fi(a,b)= £,(0,0)=0
fatuy)=e logll +y) fea (@, D)= i (0,0)= 0
fy (6) = €* 1 ; fey (@)= foy (0,0)= 1
fy y) =e* o : f, (@, b)= £,(0,0)=1
fyy (x,y) = —€* ﬁ ; fyy (@, b)= f,,,(0,0)= -1

2
Taylor’s Series is f(x,y) =y +xy — y? +.....

19. Find the Stationary points for f(x,y) =x3+ y3 — 12x — 3y + 20

Solution:
Given: f(x,y) =x3+y3 —12x — 3y + 20
p=f, =3x%-12 ; q=f, =3y*-3
= fx= 06X : $=fiy =0 , t=fyy=6y

At maximum point minimum point: £,=0, f, =0.
= The points (2,1) , (2,-1), (-2,1) , (-2,-1) are the stationary points.

20. A flat circular plate is heated so that the temperature at any point (X,y) is u(x,y)= x? + 2y? — x.
Find the coldest point on the plate.

Solution:
Given : u(x,y)= x? + 2y% — x. (1)
p=u, = 2x-1 ; qg= uy:4y
r=u,, =2 ; t=uyy—4
S=Uy =0

p=0g=0 = The pointis (1/2, 0)



21.

N

o b w

10.

11.

At (1/2, 0) & rt-s2 =8 >0
Therefore the point (1/2, 0) is a minimum point.

Hence the point (1/2, 0) is the coldest point.

Find the shortest distance from the origin to the curve x? + 8xy + 7y? = 225.
Solution:

f=x*+y?

¢ = x*+8xy + 7y — 225
fAp B (x% + y?) + Mx? + 8xy + 7y? — 225)
£+ A= 0 ()X +4Ay = 0 (1)
£, + M, = 0 BdAx + (1+70)y = 0 )
Solving (1) & (2), we get A=1, A=-1/9
If ==1= x=-2y and —5y%=225
(No real value of y)
If A=-1/9 & y=2x = x=V5 , y=v20

Therefore shortest distance = /x2 + y2 = v/5 + 20 = V25 =5 units.

shortest distance =5 units.

PART -B

%z | 9%z _ 2 2 & &

a o = 407 00 (57 + 53)

Find the Taylor’s series expansion of x2y? + 2x2y + 3xy? in powers of (x+2) and (y-1) upto
3" degree terms.

If z=f(x,y), where x=u? — v? y=2uv, prove that

6(x,y,z) _ 2
————=Uu"v.
a(u,v,w)

Find the extreme values of the function f(x,y) =x3+ y3 — 3x — 12y + 20.

Expand e* cosy in powers of x and y as far as the terms of the 3 degree.

A rectangular box open at the top is to have a volume of 32cc. Find the dimensions of the box, that
requires the least material for its construction.

If u=f(x? + 2yz,y? + 2zx) , prove that (y? — zx) g—z + (x%2 —y2) g—; + (2% — yx) Z—Z =0.

If x+y+z =u, y+z=uv, z=uvw, prove that

Find Z—z if u=tan~! (i—}), where x2 + y2 = a?.

Examine u(x,y) = x*— y* — 2x2 + 4xy — 2y? for extreme values.

A rectangular box without a top is to be made from 12m? of cardboard. Find the maximum
volume of a such box.

Expand f(x,y) = e¥ logil + x) in powers of x and y and verify the result by direct expansion.



12.

13.
14.

15.

16.
17.
18.
19.

20.

Given the transformation u = e*cosy and v = e*siny and that f is a function of u and v and
Ty

du? w2’

Using Taylor’s series, expand e**Y e*¥ and in powers of x and y up to third degree terms.

Find the minimum value of x? + y? + z2, when xyz= a3.

Of L P _ gox
also of x and y, prove that —— + a2 € (

) w  aw ow_
If w=f(y-z, z-x, x-y), prove that P % o, 0.

— (2 2 2y-1/2 az_u 02_u az—u=
Ifu=(x*+y°+2z%)"/“Provethat —— + 6y2+azz 0.

Find the minimum value of x? + y? + z2 ,when x+y+z=3a
2 2
_ 1 (x“+y ou ou — 14 oi
If u=tan (—x+y ) show that x—+y % Lo sin 2.,

The temperature T at any point (x,y,z) in space is T= cxyz?2, where ¢ is constant. Find the highest
temperature on the surface of the sphere x% + y? + z2 = 1.

Discuss the maxima and minima of f(x,y) = x? +xy + y* + % + %



